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I. INTRODUCTION 

The quantum states of a free spinless electron with 

parabolic dispersion law under the influence of a magnetic 

field were investigated by Landau [1]. This procedure is 

known as Landau quantization. 

The Landau quantization of an electron with the spin 

taking into account the spin-orbit coupling (SOC) was firstly 

studied by Rashba [2] in the frame of twoband model. Its 

Hamiltonian has diagonal elements expressed through the 

initial parabolic dispersion law 2 2 / 2k m  and the 

nondiagonal elements containing the first order chirality 

terms x yk k ik   , where k  is the wave vector of the 

conduction electron in a bulk crystal. The SOC and chirality 

terms in [2] are induced by the external electric field zE  

applied parallel to the magnetic field. The electron wave 

functions were written in a spinor form with two components 

corresponding to spin orientation along z  axis. The energy 

levels except one with 0n   are characterized by two 

quantum numbers n  and 'n  different for two spin 

projections. They differ by 1 in the case of first order 

chirality terms. The method proposed by Rashba [2] was 

applied in Refs. [3, 4] to describe the Landau quantization of 

two-dimensional (2D) heavy holes with nonparabolic initial 

dispersion law, two spin projections and third order chirality 

terms proportional to 
3( )k , as well as to the electron in the 

biased bilayer graphene with nonparabolic initial dispersion 

law, two pseudospin components and second order chirality 

terms proportional to 
2( )k . In both cases the two-band 

models were applied and the differences between the 

numbers m  and 'm  were equal to 3 and 2 correspondingly. 

The aim of our paper is to obtain new information in 

comparison with the Ref. [3] concerning the 2D heavy holes 

and their Landau quantization levels in dependence on the 

magnetic field strength at different parameters of the initial 

nonparabolic dispersion law. These details influence on the 

electron structure of the 2D magnetoexcitons and determine 

the selection rules of the quantum transitions from the 

ground state of the crystal to exciton states. 

The shake-up and shake-down recombination lines with 

the participation of the acceptor-bound trions AX


 were 

studied. 

II. LANDAU QUANTIZATION ENERGY 

LEVELS OF 2D HEAVY HOLES 

The full Landau-Rashba Hamiltonian for 2D heavy holes 

was discussed in Ref. [3] following the formulas (13)-(20). It 

can be expressed through the Bose-type creation and 

annihilation operators †a , a  acting on the Fock quantum 

states †(( ) / !) 0nn a n , where 0  is the vacuum state 

of harmonic oscillator. The Hamiltonian has the form 
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The parameter h  is not well known, what permits to 

consider different variants mentioned below. 

The exact solution of the Pauli-type Hamiltonian is 

described by the formulas (21)-(31) of the Ref. [3] and has 

the spinor form 
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First three solutions depend only on one quantum number m  

with the values 0, 1, 2 as follows 
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All another solutions with 3m   depend on two quantum 

numbers ( 5 / 2)m  and ( 1/ 2)m  and have the general 

expression 
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The corresponding wave functions for 3m   and 4m   are 
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They depend on the coefficients mc  and 3md  , which obey 

to the equations 
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There are two different solutions ( )h m   at a given value of 

3m   and two different pairs of the coefficients 3( , )m mc d 
 . 

The dependences of the parameters ch ,   and   on the 

electric and magnetic fields strengths may be represented for 

the GaAs-type quantum wells as follows TH y ; 

kV/cmzE x ; 00.25hm m ; 0.4 meVch y  ; 

21.062·10 x y  ; 
410 Cxy   with unknown 

parameter C , which will be varied in more large interval of 

values. We cannot neglect the parameter C  putting it equal 

to zero, because in this case, as was argued in Ref. [3] 

formula (10), the lower spinor branch of the heavy hole 

dispersion law 
2 2

3||
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h z
h

h

k E
E k k

m

    

has an unlimited decreasing, deeply penetrating inside the 

semiconductor energy gap at great values of ||k . To avoid 

this unphysical situation the positive quartic term 4
||h zE k  

was added in the starting Hamiltonian. The new dependences 

will be compared with the drawings calculated in the fig. 2 of 

the Ref. [3] in the case 10 kV/cmzE   and 10C  . Four 

lowest Landau levels (LLLs) for heavy holes are selected as in 

Ref. [3] In addition to them we will study else three levels as 

follows 
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Their dependences on the magnetic field strength are 

represented in the figures 1 and 2 at different parameters x  and 

C . 

 
Fig. 1. a) The lower branches of the heavy hole Landau 

quantization levels ( 5 / 2; 1/ 2)hE m m    for 3m   at the 

parameters 10 kV/cmzE   and 5.5C  ; b) The general 

view of the all heavy hole Landau quantization levels with 

m=0,1,…,10 at the same parameters zE  and C . 

 

The general view of the lower branches 

( 5 2, 1 2)hE m m    of the heavy hole Landau quantization 

levels with 3m   as a functions of the magnetic field strength 

are represented in fig. 1a following the formula (5). The upper 
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branches have more simple monotonous behavior and are 
drawn in fig. 1b together with some curves of the lower 
branches. All the lower branches in their initial parts have a 
linear increasing behavior up till they achieve the maximal 
values succeeded by the minimal values in the middle parts of 
their evolutions being transformed in the final quadratic 
increasing dependences. The values of the magnetic field 
strength corresponding to the minima and to the maxima 
decrease with the increasing of the number m . These 

peculiarities can be compared with the case of Landau 
quantization of the 2D electron in the biased bilayer graphene 
described in Ref. [4]. The last case is characterized by the 
initial dispersion law without parabolic part and by second 
order chirality terms. They both lead to dependences on the 
magnetic field strength for the lower dispersion branches with 
sharp initial decreasing parts and minimal values succeeded by 
the quadratic increasing behavior. The differences between the 
initial dispersion laws and chirality terms in two cases of 
bilayer graphene and heavy holes lead to different 
intersections and degeneracies of the Landau levels. The fig. 2 

shows that the change of the parameter C  at a given 

parameter zE  (or vice versa) shifts significantly on the energy 

scale the lower branches of the heavy hole Landau levels. It 
can be observed in all four sections of the fig. 2. But there is a 
special case in the section 2b, where the degeneracy of the 

levels 1R , 3R , 5R  and 7R  take place in the range of 

magnetic field strength (5 10) T . More so, the degeneracy 

of the levels 1R  and 3R  persists to exist even in a more large 

interval as (5 20) T . 

 
Fig. 2. Seven branches of the heavy hole Landau 

quantization levels with m=0,1,…,6 at the parameter 

10 kV/cmzE   and different values of the parameter C : 

3.8 (a), 5.8 (b), 7.05 (c) and 10 (d). 
 

The degeneracy of two lowest Landau levels (LLLs) in 
biased bilayer graphene was suggested to explain the 
experimental results related with the fractional quantum Hall 
effects [5, 6]. Meanwhile the degeneracy of two LLLs in 
biased bilayer graphene in Ref. [4] was revealed only near the 
intersection point at a given value of the magnetic field 
strength. To obtain a more complete and wide degeneracy in 
the calculations concerning the biased bilayer graphene one 
could employ a mixed model using the results reflected in fig. 
2. 

The obtained results will be used to consider the band-to-
band quantum transitions [7] and the Auger recombination 
lines [8-15]. 

III. AUGER-RECOMBINATION EMISSION LINE OF 

ACCEPTOR-BOUND TRIONS 

The magneto-photoluminescence spectra of the two-
dimensional hole gas (2DHG) in the presence of the photo-
generated electrons in GaAs quantum wells (QWs) revealed 
many emission lines [8–10]. They correspond to the radiative 
recombinations of the electron-hole (e-h) pairs in different e-

h complexes such as free excitons (X), positive trions (X


) 

and acceptor-bound trions (AX


). The impurity complexes 

AX


 revealed also the Auger-recombination lines. They 
appear when the e-h annihilation is accompanied by the 
excitation or by deexcitation of a leftover acceptor-bound 
hole to higher or to lower Landau levels correspondingly. In 
the first case the Auger-recombination is known as shake-up 
(SU) process [11-15], whereas in the second variant it is 
named as shake-down (SD) process. The SU processes were 
detected experimentally and described in the Ref. [11–15]. 
The evolution of the SU process into the SD process was 
described in Ref. [16]. The selection rules associated with 
translational symmetry of the QWs, as well as with the 
angular momentum conservation law in the photon emission 
preclude the Auger recombination of the free trions [14, 15]. 
But they do not forbid the similar processes with 

participation of AX


 complexes. In the case of spinless 
holes with parabolic dispersion law the distances between the 

adjacent levels equals to cyclotron energy ch . But the 

holes with nonparabolic dispersion law, with pseudo-spin 
components and with chirality terms in the presence of the 
strong external perpendicular electric field have completely 
another Landau-Rashba-type energy spectrum [3, 4]. The 
conditions of the first type were encountered in the 
symmetric GaAs QWs investigated in the Ref. [8, 9]. Here 
the Auger recombination line corresponding to SU process 

was detected. It was denoted as AX


SU and is represented 
in the figure 3 reproduced from the Ref. [8]. The 
experimental data [8] was obtained in the symmetric 
conditions in the absence of the one-sized doping and in the 
absence of the applied perpendicular electric field when the 
Rashba effect is not present. 

 
Fig. 3. The dotted lines (a, b, c) represent the experimental 

data reproduced from the Fig. 3 of the Ref. [8]. The solid 

lines 3, 2, 1 represent our approximations of the 

experimental data, being interpreted as AX


, AX


SU1  and 

AX


SU 2  correspondingly in the frame of the usual Landau 

quantization without Rashba SOC. 
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The situation of the second type was met [10] in the 

asymmetric GaAs QWs subjected to the action of a strong 

perpendicular electric field caused by the one-sided doping. 

In these conditions Rashba spin-orbit coupling plays an 

important role [3, 4]. In Ref. [10] an unusual Auger-

recombination line denoted as AX


CR was observed. It was 

named as cyclotron resonance line being similar by its 

spectral position to the exciton-cyclotron absorption line 

detected in Ref. [17] and discussed in Ref. [18]. The 

emission line AX


CR is represented in the figure 4 

reproduced from the Ref. [10]. At small values of the 

magnetic field strength H  the line AX


CR is similar with 

the usual SU line, but with the increasing of H  its spectral 

position shifts continuously towards the high energy side 

crossing consecutively all trion and exciton lines becoming 

the highest energy line in the PL spectrum [10]. We suppose 

that this line will change nonmonotonously at very high 

magnetic fields as it is represented in the figure 4 and as one 

can expect taking into account the evolution of some heavy 

hole energy levels represented in the fig. 5. We suppose that 

such intriguing behavior of the line AX


CR is related with 

the Landau-Rashba quantization of the heavy holes captured 

inside the AX


 complex. 

 
 

Fig. 4. The emission lines AX


CR and AX


 in 

dependence of the magnetic field strength reproduced from 

the Fig. 2 of the Ref. [10]. First of them is represented by the 

dashed line and the second one by the dot-dashed line. Our 

theoretical results are represented by solid line. It represents 

the SU process at small magnetic fields and SD process at 

greater magnetic fields. It reveals the tendency to approach 

the AX


 line and even to become SU line. 

 

As one can see in the figure 5 the energy levels have a 

nonmonotonous dependences on H . In the case of the given 

parameters C  and zE  in the range of small magnetic fields 

3 TH €  the lowest energy level has the spinor quantum 

number 3m  . The energy levels with spinor quantum 

numbers 4,5,6m   have greater energies. The excitation of 

the second hole with 3m   during the SU recombination 

process needs energy, which is subtracted from the emitted 

photon. In the next region of the magnetic fields stretching 

from 10 T  up till 90 T  the level 3m   is higher situated on 

the energy scale in comparison with the levels 4,5,6m  . 

The deexcitations of the holes with 3m   and their transitions 

on the levels with 4,5,6m   during the Auger recombination 

process will be accompanied by the supply of energy. 

It will increase the energy of the emitted photon and will 

generate the shake-down process. In the region of the 

magnetic fields 170 TH ‰  again the level 3m   becomes 

the lower energy level and the SU process takes place. The 

continuous evolution of the SU process into SD process and 

vice versa can be monitored by simple variation of H . The 

concrete realization of such scenario can be achieved if the 

holes captured inside the AX


 complex with the structure AX
  A

 e+3h do exist in the spinor state with 3m  . One 

can remember that the spinor wave functions of the Landau-

Rashba states with 3m   and 4  have the forms (6), where 

the state n  with 0,1,3,4n   describe the Landau 

quantization in Landau gauge description of the spinless 

particles. 

The state 0n   has the smallest radius of the cyclotron 

orbit. The holes with spinor wave function with 3m   have 

the smallest radii of the Landau quantizations and represent the 

slimmest spatial blocks in the construction of the complexes 

AX


. They can be packed in the more compact form being 

situated as more close possibly to the A


 charged acceptor 

with the more strong Coulomb attraction between the holes 

and A


 center. 

 

Fig. 5. The heavy hole energy levels ( )hE m
 with 

3,4,5,6m   in dependence of the magnetic field strength at 

another parameters of the theory 2.75C   and 

7.3 kV/cmzE  . Changing the parameter zE  we can 

influence essentially on the picture of the SU and SD 

processes. Insets: the difference (3) (4)h hE E   at a given 

parameters 2.75C   and 8.1 kV/cmzE  ; this difference 

determines the possibility to obtain the SU and SD processes 
in the frame of the same Landau levels changing only the 

magnetic field strength. 
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The intersections of the Landau levels with the spinor 

quantum numbers 3,4,5,6m   in the range of the magnetic 

fields (10 20) T  represent for us the most interest. We 

found out that in that region the level 3m   is situated 

above the Landau levels 4,5,6m  . As for the other Landau 

levels with greater numbers, beginning from 7m  , they 

are located higher on the energy scale in this region than the 

level 3m  . The hole quantum transitions between the 

Landau levels with very different numbers will have small 

overlap integrals and vanishing values of transition 

probability. 

The evolution of the AX


CR emission line revealed in 

the Ref. [10] is explained as the transformation of the SU 

process into SD process and vice versa caused by the 

nonmonotonous dependence on the magnetic field strength 

H  of the hole spinor state with 3m  . 

Side by side with the emission line AX


CR discussed 

above, the same group of investigators in the recent 

papers [19, 20] reported about another emission line CR-AX 

with the similar intriguing energy-field dependence. The 

both emission lines AX


CR and CR-AX do not appear in 

the symmetric doped samples, but only in the asymmetric 

doped GaAs QWs. They are present only in the samples 

subjected to the action of an external electric field applied 

perpendicularly to the layer surface in addition to the 

perpendicular magnetic field. It means that the Landau 

quantization of the charged carriers in the asymmetric 

samples takes place in the presence of the Rashba spin-orbit 

coupling, whereas in the case of a symmetric doping it 

occurs without it. As was argued in the Ref. [3] and was 

remembered above, the third order chirality terms introduced 

into the Landau-Rashba Hamiltonian must be supplemented 

by the positive quartic term introduced in the heavy hole 

dispersion law. The both terms are induced by the electric 

field. The positive term does not permit to the hole Landau 

levels to penetrate unlimitedly inside the semiconductor 

energy gap separating the valence and the conduction bands. 

The penetration is due to the chirality terms and it must be 

stopped by the positive quartic terms so as to conserve the 

picture of the semiconductor energy bands. The Landau 

quantization of the 2D electrons and holes with non-

parabolic dispersion laws, with iso-spin components and 

different chirality terms was proposed in Ref. [4] as a 

generalization of the Landau [1] and Rashba [2] procedures. 

Looking at the fig. 1, one may observe that at small magnetic 

fields the hole Landau level with 3m   is situated lower on 

the energy scale than the Landau levels with 4m  . In the 

range of intermediary magnetic fields (8 24 T)  their 

positions are interchanged. It means that the hole transitions 

from the level 3m   to the level 4m   in the range of 

small magnetic field is a shake-up process, whereas in the 

range of intermediary fields it is a shake-down process. In 

the first case it is necessary to take energy in of the emitted 

photon due to the electron-hole recombinations inside the 

acceptor complexes, whereas in the second case the supply 

of energy is added to the emitted photon. 

The existence of the excited holes 
*(h )  inside the 

acceptor complexes in the range of intermediary fields is a 

true conclusion which was suggested in Ref. [19] and can be 

formulated on the base of Ref. [4]. Its origin is not related 

with the thermal bath, but with the external electric field. 

The emission line AX


CR in its moving across the whole 

energy spectrum from its red side to blue side intersects 

without mixing all encountered emission lines. In difference 

on it the emission line CR-AX takes part in the mixing with 

the emission line X s


 giving rise to the cyclotron resonant 

exciton transfer between the nearly free and strongly 

localized radiative states following the reaction 
*h AX A X   .The energy needed to unbind the 

exciton from the acceptor was supplied by the excited hole 
*(h )  due its shake-down process. 

IV. CONCLUSION 

The intersections, overlappings and degeneracies of the 

lowest lying Landau levels of the 2D heavy holes in some 

regions of the magnetic field are possible taking into account 

their nonparabolic dispersion laws, their spin-orbit coupling 

and chirality terms. The band-to-band quantum transitions 

and the exciton energy levels in dependence on the magnetic 

field strength were determined. The shake-up and shake-

down recombination lines with the participation of the 

acceptor-bound trions AX


 were studied. 
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